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A method of deriving the solution of the bending problem for an infinite
plate on & linearly deformable foundation of general type is presented
in publications of Korenev [1 ]. The solution of the bending problem for
a semi-infinite plate on elastic foundations of some special character-
istics was obtained, on the basis of the theory of integral equations of
the Wiener-Hopf type [5], in[2,3 1, and furthermore in[41].

A general method of deriving the solution of the bending problem for
a semi-infinite plate on a linearly deformable foundation of genersal
type, with additional loading taken into account, is given below. A de-
tailed presentation is worked out for the case of s semi-infinite beam
on the elastic half-plane. A well-known approximate solution of this
problem has been given by Gorbunov-Posadov [ 6 }; he himself concedes,
however, that the approximate method just mentioned is less accurate
than his method of analysing beams of finite length. The reader will
find below the results of computations which show the deviations of
Gorbunov-Posadov’ s solution from those obtained in the present publica-
tion,

1. Assume a thin semi-infinite plate (0 < x < %, — 00 < y < ) of
rigidity D to rest on a linearly deformable foundation for which

oo

wo (r) = | 1o (8) Jo(re) i (1.1)

In this formula wy(r) denotes the settling of a point on the surface
of the foundation at the distance r = v (2 + y2) from the origin of the
coordinates, where a unit force is applied. The function f,(¢) can be
arbitrary; only its behavior at infinity is supposed to be known.
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Bending of a semi-infinite plate 503

foll)=et+[1 +0(1)], p>—-5, ¢ =const (1.2)

Equations (1.1) and (1.2) are valid for almost all suggested models
of linearly deformable foundations. We note that
Jo () = (1 — vo?) (rEo) "= 1/,0
for the case of a homogeneous half-space.

Furthermore, we assume that the semi-infinite plate is acted upon by
the loading g*(x, y), and the free surface of the foundation by the addi-
tional loading ¢ (x, y), where

¢z, y)=0, (=<0, ¢ (xy)=0, (>0 (1.3)

In this case the problem of determining the contact stress p(x, y)
and the deflections »(x, y) of the plate is equivalent to that of solv-
ing the system

W v (VE—8F T =P p & 0 + ¢ (6 Mididn = w(z, y)

Dy*yw(x, y) = ¢* (z, y) — p (%, ¥) O<r oo, — o0 <y < o0)

followed by fulfilling the boundary conditions for the free edge of the
plate

0w 62w] 0%w Pw
— v =0, [— 2—w ———] =0
[8952 + LTl N 0z8 + ) 0z 0y* |,

where v is Poisson’s ratio for the plate material.

Passing from the functions w(x, y), p(x, y), q*(x, y) to their
Fourier transforms [7] w (x), p)(x), qh+(x), we can reduce the above
system to

o { k(lo—EDImE + o0 @1 = () (-w<r<u)
e 2 (1.4)
D(dx2 - 7“2> wi (%) = 2" (z) — pr (@) 0 <z < oc)

The corresponding form of the boundary conditions for the free edge
is then

WA 0) — AV (+0) =0,  wr® (-] 0)— (2 — ) M2, (- 0) == 0 (1.5)
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We use here the notation

(o) = ;"6 S wo (Vo I ) e dr (1.6)
-—00
The Fourier transform required for this function is
K (u) = ;—5 %S wo (VoE 1 78) exp (bt + iow) dadv

With the aid of procedures given on p. 80 of [7 ], the expression for
K(u) can be transformed into

K(u) = -;—% rwe (r)Jo (r YV u? + A2)dr
0
On the basis of (1.1) and with the aid of the formula used for the
Hankel transforms [7 ], we find
- 2f (Vu'+ 23
K = = 1.7
()= LV (1.7
Assuming A > 0, we represent the general solution, equal to zero at
x » oo, of the differential equation of the system (1.4) in the form

o0

w (2) = (@ + ada) e 4 5 | g(le—s) I’ () — palo)lds >0 (1.8)

—c0

It can be shown that in this presentation

1 1T exinlg
§() = g+ = = | S (1.9)

—00
The symbols @, and a, denote arbitrary real constants.

Equating (1.7) to the first equation of the system (1.4), we arrive
at the integral equation
o0

{ie—shm@ds=/@ =0 (1.10)

0

with the kernel

L(t) =k () +cg(t), &= (mdDy" (1.11)

and with a right-hand member which can be transformed, with the aid of
the inversion theorem [ 7 ] and by virtue of (1.3), into
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s ¢ +(— 20- (— 2z 1 32
0=t oo [ - ST e

The functions Q*u) denote here the Fourier transforms of the func-
tions qhi(x).

—c0

To solve the obtained integral equation of the Wiener-Hopf type of
the first kind, we use the procedure which we have employed in [8,91].
First we solve the equation

[ee]
gl(|x—s|)x;(s)ds=eicx (x>0, Im{=0) (1.12)

0

If, in the case under consideration, we can find y;(x), then the
solution of Equation (1.10) can be obtained by the formula

oy @)
() = a0 lxg (B))g=r — l}“al[ X;; ]c=ix )

_ci i Q*(—=1) _ 20-(—0) f (Vg% Ay ,
+2n_§°[(§2+"2)2 VB F R ]Xc (z)dg (1.13)

The solution of Equation (1.12) is to be derived from the formula

@O
Xe (@) = g5 | eedu (1.14)

established and proved for integral equations of analogous type, but of
the second kind [5 ], The function ¥y (w) must be regular and differ from
zero in the upper half of the plane (excluding the point «), and satisfy
the equation

(o]

) 11
(2w = { t@emds| =m@e(—uw)  (—eo<u<o) (115)
—O
Furthermore, its behavior at infinity must be restricted by the con-
dition

Pa (w) = O (w+) (n <1, w— o) (1.16)

By the contour y is meant the straight line (- =, ) parallel to the
real axis of sufficiently small distance from the latter, more accurately
stated, at such a distance that all singular points of the function
¥y(w) be situated below this straight line. It can be shown by immediate
substitution of (1.14) into Equation (1.10), with (1.15), (1.16) taken
into account, that (1.10) is actually satisfied [8,9].
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In this way the solution of Equation (1.12) is reduced to the problem
of finding the function ¥)(u), or, using the terminology of [5 ], to the
problem of factorizing the function L{(u), which in the case under con-
sideration is, according to (1.11), (1.9) and (1.7), of the form

2f (Vi + A ¢
L(w) ="y ey (1.17)
It is possible, as shown in the paper just mentioned, to factorize any
function H(u), continuous in the interval (- e, =), differing from zero
and equal to unity when u » t w, If, moreover, the function H(u) is even,
its factorization H (u) = x(u)x(~u) is unique and ascertained by the
function

% (W) = exp [_.ﬁ °§ h;——g—(z-?du] (1.18)

With this in view, we reduce the function (1.17), which is to be
factorized, first to the following form:

% Lhe o s yaEae (2611 §¢8
L= ) ¢ [ LH L 4 0 v |

Taking (1.2) into account, we now see that the expression within
braces satisfies the conditions necessary for its factorizatiom, in
accordance with Formula (1.18). The factor before the braces is factor-
ized elementarily. In accordance with the above statements we shall have

14
P (w) = (201) (A — iw) e X (w) (1.19)

, _ 17 F(VuE £ (2e1)71 8¢°
Xaw) =exp{— g | [ BEETE + 5 x*)'/z"**/z] 5 (120

It is shown in [2 ] that in the case of an elastic homogeneous half-
space [ fo(t) = 6/2 = ¢;, p = 0] the formulas just obtained become

Pa(w)=VAN—iwXs(w), X (w)zﬁ yi(w; &), ReVA—iw>0 (1.21)

%; (w; M) = y;(ihcost, A)

T—{-Gj
= cosv+1 — i Dzl Cef2.3y (1.
l/bosr—l—ccscep{zﬁ S <1nudu] sing; = a;/ A (j=1,2,3) (1.22)

K * P i
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G, =C8&, Qy=CE, dz3=—C, &==¢™B (1.23)

2. Expression (1.19) obtained for y)(w) is to be substituted into
(1.14), vwhich gives x;(x), and this latter function is to be substituted
into (1.13). As a result of the further obvious transformations we obtain

the formula

» i P, (w) R
(@) = 52\ [y — L (— )|t () e vm duw (2.1)
where ’
1T 700 200 (=0 VEFM|h® .
10=m \ lgamr — s Jisa @2
Py () = Ag + (w + iA) 4y (2.3)
csdo = ayihn (M), B4y = aon (M) — axidpn’ (iA) (2.4)

Here, and everywhere in the following, a prime denotes a derivative.

Substitution of Expression (2.1) for p)(x) into Formula (1.8) leads,
after simple computations, to

dw 4+

s ¢ P, (0) Py (w) e~
Du(2) = D (a0 + mha) e+ o { oot
Y
8 ¢ QF (—w) + I (—w) P, ()
o S @W? + A% ¢

¥

—wrdw  (2>0) (2.9)

Another expression can be obtained for w)(x), if (2.1) is substituted
not into (1.8) but into the first equation of the system (1.4). The
formula obtained in this manner proves to be useful in some cases.

Taking (2.3), (2.4) into account and using the methods of the theory
of residues, we can find from (2.5) an expression for wy(x) and its de-
rivatives w)t(") for x » + 0; computations lead to

(2n —3) Y3° (M) -+ 20k (ih) Py (iA) .
Dun™ (+0) = ag [ = AL 01%4; LR NCONPIP b+
—2 2(iA) — (2n — 3) iA i) bl (A 232 PPN
-+ ay [—n(— A'D - ¢3 (n—2) $,2(ih) —(2n )1;;13:1(: Yy (M) 4 242, "(iA)] ] n

(—iw)"dw,  (n=0,1,2,3) (2.6)

e 0 QF (—w) T (—w) gy (w)
TQES w* + A2

Y
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We substitute now the expressions for wy(x) and its derivatives at
x =+ 0 into the transformed boundary conditions (1.5). As a result we
obtain two equations from which we find the arbitrary constants a; and
a, e)md this completes the determination of the functions w)(x) and
pA(x .

The derivation of the final formulas is, however, not possible by
means of immediate reduction of the Fourier transform of the functions
w(x, y) and p(x, y) in accordance with the formula [7 ]

w(x, y), [9(33, y) = 2%—‘:- S [wn (x), D (ill)] ez d )

since wy(x) and p)(x) have been obtained on the assumption that A > 0.
This condition will be complied with only in the case when the functions
w(x, y) and p(x, y) will be simultaneously even or odd with respect to
y. Consequently, in the general case we will have to proceed as follows:
to resolve the given loadings ¢*(x, y) and ¢ (x, y) into components sym-
metrical and skew-symmetrical with respect te the z-axis, i.e.

F@EY=a"@ N+ @y, @y=0 @y +q @y

to find w(x, y) and p(x, y) for even components q1+, g, and for odd ones
9,%, g5, and then to add the results.

It so happens that the functions py(x) and wy(x) which we have derived
here are of interest by themselves as well. The reason is that their
limiting expressions at A » 0 will represent the solution of the corre-
sponding plane problem, i.e. of the problem of a beam-type plate in bend-
ing on a linearly deformable foundation. This follows from the condition
that, if the plate is acted upon by the loading ¢*(x, y) = ¢%(x) cos Ay,
and the free surface of the foundation by the additional loading g (x, y)=
g (x) cos Ay, the contact stress and the deflections of the plate will be

p(z, y) = pa(z)cos Ay, w(x, y) = wr(x)cos Ay

Thus, denoting by M{(x}, Q{x), p(x) the bending moment, the shear
force and the contact stress, respectively, of the beam-type plate, we
verify without difficulty the validity of the formulas

M (z) = — lim Dw)?(z), Q(z)=—1limDw3(z), p()=Ilimp(x) (2.7)
A0 -0 A0
Carrying out these passages to the limits here is by no means a simple

operation, however, since according to (2.6) the knowledge of the asymp-
totic representation of the functions y\( id) and ¢)"( tA) at A » 0 will
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be necessary for that operation, which in turn involves a very detailed
analysis of the properties of the function (1.19).

In view of this situation the passage to the limit could be achieved
only for the case of the elastic homogeneous half-space. It was found to
be more convenient to start not from Formula (2.5) but from the expres-
sion for wy(x), which can be obtained, as already indicated, by substitu-
tion of (2.1) into the first equation (1.4). We shall give here this
formula. In doing so we restrict ourselves to the case that there is no
additional loading [g (x, y) = 0] and that the semi-infinite plate is
acted upon at the point with the abscissa x = b by a concentrated force.

Then, instead of (2.2), we shall have

1 T ebu P, (u)
[(Z) = S WAy u—z

du = I, (z; M) (2.8)

Substitution of (2.1), with (2.8) taken into account, into the first
equation of the system (1.4) gives, as shown in[2 ], as a result of
transformations indicated there, the desired formula

. © P, (—ics) (cs -+ A) (— cs)™e %8 ds
D, (™ — l__C“ 2 N
w™ () n S Vs — A [e 4 (¢2s% — A2)3] X, (ics) i (2.9)

Lo Pl e Gay)t ajx o © I, (ics; M) (c2® — A2)Y2 (— cs)™e™o%8 ds

I 2‘1 Py (25) (A —a)* T T g\ [e8 4 (cs% — A%)3] 4, (ics) +
j=
X 2 1b (a5 A) . . . ni(x—b)eu dy
+1 2 m (ZZ 3 a,~3 (zoc,-)"r,-em * ~2~c~ X - __(._l__c_u.)._ ¢ E (n=2,3)
o T R V u? A2 [ (Pu? 4 A2
1
where* (— 1).’5 e

= 7 =1,2), .=V a:z— A%, 2.10
r; P ETORReP G ) o a;F — A (2.10)

ImVa@—2>0 (=123

By varying the path of integration (a procedure described in greater
detail in[2] and [9]) into a loop which embraces the ray (- i\, —io),

* The third and the fourth terms of the right-hand side of Equation
(2.9) for qk(n)(’) in[2 ] contain typographical errors. They are
given correctly in the present paper.
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Formulas (2.1) and (2.8) can be transformed into

ic4o-° P, (— ics) (0232—7»2)'/2(%—{—}»)2 ex
p)\(x) - —J‘t_\ ¥, (ics) [¢® F (¢*s® = A%)3] ¢ sds +
* (2.11)
P N e L R A T O Iy (ics; 1) (c2s? — R2)'/z g8 L
Te Zl ¥y (@) (@2 —a].)e + ?§ P, (ics) [¢® - (c%2 — A%)3] ds -
iz
I(asA)ad . 4 ¢ a—budu
Cged G b T T ey 6 €
- ie? 3) Py ¢ Tam _Sooc3+(czu2+ 2oy
v ic ?o (c2s2 — A2y D08 s -21 r; &%
ho(E by = — ?f} P (ies) [0 F (2 — RO (2 F fee) jél V@ o F 1)

3. To analyse a semi-infinite beam (beam-type plate) resting on the
elastic half-plane (of half-space) and subjected to a concentrated force
(loading uniformly concentrated along the infinite line x = b) at dis-
tance x = b from the end, we pass to the limit A » 0 in Formulas (2.9)
to (2.12) in accordance with (2.7). Let us start with function y;(w; A),
defined by Formula (1.22), Considering that

w=i7\,cosr:iksin<%——r>, T:%-_—~sin—1 %
COST:‘?}C’ G; = sin™ a_;i‘v Coscj:—~%j, —%<Re(sin-lz)<%
we may write
o o
wies ) [t {ma]
I T—0;
where
T4o; = %—— sin~? f}vi:t sin~? ‘;_j (3.2)

Using, furthermore, the formulas (see pp. 113 and 157 of [10])

z 4y 2z r

N 1 I 1 s
sin— 2 == sin™ r+$ 2A
e —IA—003), A0

P VEFIPFE, = VESATYE g0

4-i Arch

r

Arch

we find without difficulty
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. . wdiy . z . P TP,
lllnzarc sim —= = aresin J75m=g +i(In oV 22+ y, -+ i 00 (3.3)

We agree in the following to consider a negative (positive) real
number to be the limit of a complex number with negative (positive)
imaginary part. Computations show that reversal of this stipulation does
not affect the final formulas. Starting from this consideration and using

Formulas (3.2), (3.3) and (1.23), we find that

T46,—n/6—iln(s/c), T—o—>—n/b—icc.
T+6,—>n/6—ioco, T—06,——n/6—iln(s/c) (3.4)
T+ o3—>—mn/2-}Fioco, T—o;—>n/2—iln(s/c)

Byr+o,»>n/6~iln s/c, for example, we mean here
. N T n
lﬂ(f +o)=F—iln——= Ju(lnz) 5

We now find easily

. . .. . cs
i ics) = lin s Giess 1) = |/ 2z exp 1 (5] (3.5)
where
( n/6—iln s/cr/a . 0 ir/6—In s/c
u i , u
I(s)= 2n S sin udu o ( S T S >sinhu du (3.6)
n/6—ico in/6—o0 1]

Furthermore, we have on the basis of Cauchy’s theorem for analytic
functions

. 0 | . @ .

4 u i u 4 u [ 21

R L L L s SR
in/g—00 0 0

To find the latter integral it was necessary to use a known formula
given on p. 169 of [11 ]; the handbook [12 ], p. 171, gives this formula

with a typographical error. Taking (3.5) to (3.7) and (1.23) into account,
we obtain instead of (3.5)

X 1n stin/é

% (ics) = ]/: exp [% — S e d“]

0

Analogously we obtain, with due attention to (2.10)
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J——— .  Ins—in/g
ies) = 3/ S5 L T L
2 (ics) g’ s oXP g T2 el

In s-kin/z

FErm ) ]

b}

%a (ics) =

Consequently, according to (1.21)

X, (ies) = lim X (ics) = X (s) = Vmiw._..w__—_—w exp[——— e i h; (s)] (3.8)
+ &

A0 st LV 3s 41
where
. Ins4in/e C Insdin/:
hal) =Fgz | mgde =5 \ godn (39
0 0

In accordance with (1.21) and (2.10) we have
11m P (ics) = Ves X, (ics) = Ves X (s)

lim Wy, (o) = Vce 2 x (ce), ]Aim Pr () = Vee™2 X, (— ce) (3.10)
-0

A0

Noting that
. . - " i
Xo(ce) = X, licexp (— in/ 6)], Xo(—ce) =X, [.zc exp (‘g}]

we substitute into Formula (3.8), instead of s, first e /6 and then
e¥/6  this leads to

in/z  ign/3

X, (ce) = e;;s, Xy (— c8) = /;“53 xp[——},—((g3 — § i |

The expression within the square brackets equals -~ 1/4 1n 3. In order
to check this statement it is necessary to combine the integrals, which
appear there, into one with integration limits (im/3, i27/3) and to sub-
stitute u = 1(1/2 7 —~ v); this pemmits us to reduce that integral to a

tabulated one with the integration interval (0; #/6). In this way we
arrive at

11m Pa(ay) =Ve/6 exp( 5m) hm Pa (o) = Ve /6 exp (’m) (3.11)
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Paying attention to (2.10) and (1.23), we find

limry= L c2eivs, limry, = — Lc2eins (3.12)
A0 3 A0 3
Assuming that X(s) is a real function (the proof of this will be
given below), we derive from (2.12)

o]

. . . 1 3¢ be gy
1 S A = ) = ¢l — — - +
).ln; Jb (lCS, ) Jb (le) C { g _V_ (1 s) () ( 9

+¥%%/§g?[sin(g - bc)—{—ssm( Zn—}—%c)]} (3.13)
oo <1: + 1/2;_5 + %) ¥ gy

. 1
SN — —enl_1
fimo Ty (on; 1) = Jo(ce) = ¢ { e S) @+ V3t+ ) Ve +1) X

+Y3—€exp( V3bc>[%cos(24 +5) + 4 oos (5 + )

-}-z(—;—sn<z4+%c—> Vgsm(;z +”7°>)]}=7b(~cé") (3.14)

_{,_

In order to obtain for the quantities M(s), Q(x), p(x) expressions
more convenient for calculation, we introduce a dimensionless abscissa
and new arbitrary constants to replace those defined by Formulas (2.4):

E=cx, B=be, By=ich4, B, =c"r4, (3.15)

Further, we introduce reduced quantities M*(£), Q*(£), p*(£) related
to the actual ones by means of the formulas

M E)=cME/c),  QEO=QE/), P E)=-2pE/c) (3.16)

Turning to Formulas (2.9) and (2.11) and passing to the limit A - 0,
with (3.10) to (3.14) and (2.7), (3.15) and (3.16) taken into considera-

tion, we find
M ©) = Bo[ - O ®)— 0 ®)]+ B[ 17V ) + ¢ ©)] — 5 Lo 8) —
— = 1 OB — ¢ B,V B)— ¢ B).2 () + ¢ (B) .V ()] —

~ 3 ) (2

x exp| =2 (& +8)] + Vs =) (3.47)

CEO-%. PrO-%% (3.18)
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where

¢ (2) =~ V e*V?'x/zcos(JZ + %) (3.19)

[e o]
J™ () = S O (s, 2)ds  (n=01,2,3)
0

J ™ (@ {_faeo)es 34 3.20
() Sm (n=0,1,2,3,4,5) ( )
Ie={ () 0n(s, 2)ds  w=2,3,0,  Lp(e) = | 2BE

’ ﬁ- 3+n ~—8X
&) = o @
while
1 o0
M (z) = ?S ML du (3.21)

(4]

denotes the reduced bending moment in the infinitely long beam subjected
to a concentrated force at x = 0.

This function has been tabulated in [ 6 ]; in addition, [ 12 ] gives
its approximation by elementary functions. The same publication gives a
procedure for transformation of slowly converging improper integrals of
the type (3.21) into very rapidly converging ones. Unfortunately, the
present author was not acquainted with Al’perin’s work [ 14 1, which
presents the same method with application to the same integrals. To B.G.
Korenev, who called attention to this, the author herewith expresses his
gratitude.

The arbitrary constants B, and B;, appearing in (3.17) and (3.18),
will be found from the conditions of the free end of the beam, i.e. from
M*(0) = 0, Q*(0) = 0. Substituting into the left-hand sides of these
equations the values of M*(0) and Q*(0) obtained from Formulas (3.17) and
(3.18), we arrive at the system

(179 0)—2¥ cos X1 By 4 [ £ 79 (0)— 2XE cos ] 8, + 1,8) =

-A-[iJ(”(O)W?‘Kg cos 5 | B, —[ 4 7 (0)— ZV" sin 3 | By + /() =0

The functions f, ,(B) will be obtained from the formulas given above
for M*(£) and Q*(£), respectively, omitting there the terms containing
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B, and B, and putting { = 0. We note that the determinant of the system
(3.22) equals to unity with accuracy to the fourth decimal.

4. We shall now give a representation of the function X(s) convenient
for computation, and at the same time we shall simplify the integrals
(3.20). To this end we use the substitution

u=lInt(—5n<Im(lnz)<;m)

in Formulas (3.9)

_TeXD(+in/g) : Texp (in/2) |

i nt i nt

r Fodt, hy(t) == S aordt (41)
1 1

Ty (T) = F

Furthermore, we may write, on the basis of Cauchy’s theorem (see
Fig. 1)

—;(S+S+g)1—1§%dt=o (4.2)

Ca By &

This leads, by virtue of (4.1), as easily seen, to

. Texp(in/p) n
i
P by () hy(7) = T S i 112 dt
6 » Texp(—in/6)
[ ,’/ n/e ‘iwdq) n/6 i@d
- - T Pe €99
-/f\| r/\ - —Z[i | 1_tzegi,‘ﬁ_llq-.:g o) (43)
73 Z z - -
" ~.
7 & . Ry According to (4.1) we have (Fig. 2)
. .
; Int
mm=—5({+\) e @y
Fig. 1. ¢’ Gy

By corresponding changes in the integration variables we obtain

in/2 T t

i u i Ins i d
B ()= gz g+ 5\ ds 4 5 | i (4.5)
0 1 1

On the other hand, paying attention to (4.4) and (see Fig. 2) to

S5 3e L] I ano

¢ ¢ ¢ & &
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we find
t_iﬂ/2 u 1 ¢ Ins i ‘ ds T i3 In (16i®) €t®
, e'%)e
hy (1) = 2n Ssi;h-;du— ngi+s2 ds+—§_gl+sz +'_n— g 1 — g2 2i® d (4'6)
0 1 —n/2

Taking the sum of (4.5) and (4.6) and carrying out obvious calcula-
tions, we obtain

/2 . n/2 .
. S pe’® do ¢® dy
hy(t) = 5 o T_~8¢+ﬁ[l g 1 — 2Pl +ln7 S 1—1%”“’] (4.7)

—n/2 —n/2
Finally, using the notations
P : P
¢ uetdu . e du
U e A P (4.8)
it Tl T .
Hy () = = (2 Supp — Supe) + = (oS p—S0) (4.9)

and taking into account (3.8), (4.3), (4.7), as well as the relation

—/a

(t—i)yeexp (5i wn T— lin)=(1+41?)
we find

X (1) =vr(v 4+ Vv 1y " (v + 1) Hexp [+ H, (1)) (4.10)

The function H(r) can be expanded into the series

oo

:L 4 [(—1)"—251n[(2k+1)n/6]1 np T cos[@k+1)a6]
n 2k -1 3 2k + 1

k=0
(— 1)*¥ — 25sin [(2k + 1) 7/6]
o (2k + 1)

] ! (4.11)

convergent for r < 1. This series is obtained by means of expansion of
the integrand in the integrals (4.8) in terms of ascending powers of r.
Expansion in terms of decreasing powers of r would give for Hy(r) the
series

R (— 1% — 2 sin [(2k 4 1) /6] n cos [(2k + 1) 7 /6]
Hfv) =3 2 [— 2% + 1 Int—- 2%+ 1 -
k=0
— )k —2sin {(2k - 1) /6 -
— R L DA e g5 (4.12)

The representation (4.11), (4.12) of the function H (r) in the entire
interval (0, =) shows that it is a real function, and the same is true
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of the function X(r); it leads, furthermore, to the very important rela-
tion

H,(t) = Hy(x™) o<t (4.13)

which permits us to simplify significantly

¥
03_
the computation of the integrals (3.20). 4////‘
4
/

Let us illustrate this statement with
the example of the integrals J(™(¢),
n=0, 1, 2, 3, Taking (4.10) into considera-
tion, we subdivide the integration interval
into two intervals:

Fig. 2.

J™ (8) = (& + ‘g°) cHO VT4 Vit GES THn e~ dr

T +1
1} 1

Then we substitute into the second integral r = s™!; using (4.13) we
find
1 )

J™ (&) =X F (s) [8““‘6’“"E + Ve e—E/SJ ds (n=0,1,23 (4.14)

s
0

where

- 4
F)=Vs+ V341V 1(s+ 1) e (4.15)

The remaining integrals (3.20) are to be reduced in the same manner
to analogous forms. The function (4.15) will again appear there in the
integrands. Table 1 gives its values necessary for the computation of
the integrals by means of Simpson’s rule, with different degrees of
accuracy. The function H(s) was computed with the aid of its representa-
tion (4.11); for the slowly converging series appearing in the latter
it was possible to find the sum

o 2sin (k1) /6 —(—1)F .

Z ( +2k)-?-/1 (=17 okt — e 1112_ g <)

k=0

o -
Lt cos@e+1)n/6 oy, 4, 1+V31+ 7
ED R e et F A
k=0
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The summation of these series was aided by the expansion of tan™!

into a series, as well as by two expansions given on p. 54 of [12].

The simplest way of calculating all integrals (3.20) is to use
Simpson’s rule, except the integral J{?)(0), for whose computation
Simpson’s rule cannot be applied in its immediate form. In this case a
sufficiently accurate approximation is provided by the function (see

Table 1)

_ f1-1.3205 0<s<0.6)

F(s) = . 41
() =\ 0.8000 - 7.600 s — 5.500 5% 0.6 <<s<1) (4.16)

The formulas obtained here permit us to compute the values of M*, Q*,
p* for a semi-infinite beam on an elastic half-plane under the action of
a concentrated force (Table 2) or a concentrated moment (Table 3) at its
end. These tables also give the values of M*(£), Q*(£), p*(£) correspond-
ing to the approximate solution obtained by Gorbunov-Posadov on p, 140
of [61].

TABLE 1.
values of F(s) values of F(s)
s S

; . Acc. to Acc. to

Exact (4. 16) Exact (4. 16)
0 1.000 1.000 0.6 1.782 1.780
0.1 1.120 1.432 0.625 1.802 1.802
0.125 1.153 1.165 0.7 1.824 1.825
0.2 1.253 1.264 0.75 1.804 1.806
0.25 1.323 1.330 0.8 1.758 1.760
0.3 1.3% 1.396 0.875 1.627 1.639
0.375 1.501 1.495 0.9 1.572 1.585
0.4 1.537 1.528 1 1.297 1.300
0.5 1.674 | 1.660

We note that in the case of loading applied at the end of the beam,
Formulas (3.17) and (3.18) undergo simplification, because all terms free
of Bo and B1 must be considered to be zero in this case; for the concen-
trated moment Formulas (3.16) assume the form

1
MG =ME)  QCE=2QE/) PE®=mpE/0)

In the case of a concentrated force acting at the end of the beam, we
have to use in (3.22) as free terms the quantities

B)=0, AP@)=1
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while in the case of a concentrated moment we shall have
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LB =—1, f2(B)=0
TABLE 2.

Exact Solution |  solution According to [ 6 ]
f M‘ Q. | p' ‘ M' Q. l p‘
0.0 0 — P 0 —1 ' —
0.2 —0.123 —0.558 1.298 —0.16 —0.61 1.60
0.4 —0.190 —0.246 0.754 —0.25 —0.34 1.16
0.6 —0.227 —0.124 0.452 —0.30 —0.16 0.73
0.8 —0.243 —0.041 0.339 —0.32 —0.05 0.48
1.0 —0.245 0.015 0.227 —0.32 —_ 0.31
1.2 —0.237 0.052 0.141 —0.31 0.08 0.21
1.4 —0.225 0.076 0.089 —0.29 0.11 0.11
1.6 —0.208 0.089 0.046 —0.26 0.13 0.05
1.8 —0.189 0.095 0.016 —0.34 0.13 0.01
2.0 —0.170 0.096 0.006 —0.21 0.13 —0.02
3.0 —0.086 0.067 —0.038 —0.10 0.09 —0.05
4.0 —0.037 0.033 [ —0.027 —0.04 0.04 —0.03

TABLE 3.

Exact Solution Solution According to (6]
£ v Py P e e | e
0.0 1.00 0.00 —0 1.00 0.00 —
0.2 0.94 —0.43 —0.75 0.97 —0.28 —1.02
0.4 0.84 —0.52 —0.20 0.90 —0.43 —0.51
0.6. 0.74 —0.53 0.03 0.81 —0.49 —0.18
0.8 0.63 —0.51 0.15 0.70 —0.51 0.02
1.0 0.53 —0.48 0.21 0.60 —0.49 0.14
1.2 0.44 —0.43 0.25 0.51 —0.46 0.20
1.4 0.36 —0.38 0.25 0.42 —0.41 0.23
1.6 0.29 —0.33 0.24 0.35 —0.36 0.24
1.8 0.23 —0.28 0.23 0.28 —0.32 0.24
2.0 0.18 —0.24 0.21 0.22 —0.27 0.22
3.0 0.03 —0.08 0.11 0.04 —0.10 0.12
4.0 —0.01 —0.01 0.04 —0.01 —0.02 0.05
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